O globalnych wtasnosciach funkcji pétciagtych z

dotu minoryzowanych przez funkcje kwadratowe

Monika Syga
Warsaw University of Technology
Faculty of Mathematics and Information Science

14.01.2021

Monika Syga



X~ 090«*/0% ity 123 \E:X’D A

DEFINITION 1. The set supp(f):={p € ®:p < f} is called the support of f.

DEFINITION 2. A function f is called ®-conver if

f(z) = sup{e(x) : pesupp(f)} ¥aeX.
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Qe i ={p: X =R, p(z)=—a|z|*+ (v,z) +¢c, z€X, vEX*, a>0, ceR}.
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PROPOSITION 1. Let f: X =R be a proper function. f is ®,.-convex on X if and only if f is
lower semicontinuous on X and minorized by a function from the class Ps..

dorm (4 ) = LzK@X!ﬁ(x)évwﬁ %4

DEFINITION 3. A function f: X — R is called paraconver on X if there exists C' > 0 such that
for all z,y € X and ¢ € [0, 1] the following inequality holds

fltz+ (1 -t)y) <tf(2)+ 1A -t)f(y) + Clla —yl*. )

DEFINITION 4. A function f: X — R is weakly convex on X if there exists ¢ >0 such that the
function f(z) + c||z||? is convex.

PROPOSITION 2. Let f: X =R be a proper function. f is weakly convex on X if and only if f
is paraconvezr on X .
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PROPOSITION 3. Let f: X — R be a proper lower semicontinuous function. If f is paraconvezx
on X then f is ®y5.-conver on X.
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DEFINITION 5. Let f: X — R be a proper function. An element (a,v) € Ry x X* is called a
Dy .-subgradient of f at T € dom(f), if the following inequality holds

f(2) = (@) > v,z - 2) —alz|* +alz|?, VzeX. 2)

p(z) = —az’ + vz +£
(a,v) € Osef(Z)
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DEFINITION 6. Let f:X — R be a proper function. An element (a,v) € R, x X* is called a
local ®4.-subgradient of f at T € dom(f), if there exists 6 > 0 such that, the following inequality
holds

f@)=f@) 2,2 -2) —ale® +alzl?,  V]z-z] <o ®3)
T EEEEE—

The set of all local ®;,.-subgradients of f at Z is denoted by 8/°¢ f(z).
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PROPOSITION 4. Let f: X =R be a proper ®.-convex function and Z € dom(f). If (a,v) €
0lc f(Z) then there exists @ >0 such that (@,v — 2aZ + 2a7%) € Oy f(Z).
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PROPOSITION 5. Let f: X — R be a proper Ls.c. paraconvex function, then for every x €

int dom(f) the set Oyscf(x) is nonempty. ‘? 6‘]'—’ \\%\/ '\\
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PROPOSITION 6. Let f: X — R be a proper function and U C X be an open convez set such that

U C dom(f). If there exists a >0, such that (a,v;) € Oysc.f(ZT) for every T € U, then f is paraconvex
onU.

PROPOSITION 7. Let f: X — R be a proper ®,.-convex function. If f is C*' around T €
dom(f), then there exists & >0 such that, for every y € B(6,Z), the set Oy f(y) is nonempty.

PROPOSITION 8. Let f: X — R be a proper ®s.-convex function and U be an open subset of
X. If f€C*U), then for every x € U, the set Dy, f () is nonempty.
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DEFINITION 7. Let f,g: X —R be &,,-convex functions, ; € dom(f), z, € dom(g) and b
We say that f and g satisfy the bg d f onditio (771,:1:2), ] 7

Oec U3’~J

where co(+) is a standard convex hull of a set.
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